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Mosaic generation is a central tool in various fields ranging way beyond the scope of photogrammetry
and requires the radiometry and color of the images to be corrected. Correction can either be done by
a global parametric approach (looking for an optimal gain or gamma for each image of the mosaic), or
by iteratively correcting image pairs with a non-parametric approach. Such non-parametric approaches
allow for much finer correction but are asymmetric, i.e. they require the choice of a source image that will
be corrected to match a target image. Thus the result on the whole mosaic will be very dependant on the
order in which images are corrected. In this paper, we propose to use partial iterates to symmetrize non-
parametric correction in order to solve this problem. Partial iterates formalize what partially applying a
bijective function means and we explain how this can be done in both the continuous and discrete
domain. This mechanism is applied to a simple non-parametric approach (histogram transfer of the lumi-
nance) to show its potential.
� 2013 International Society for Photogrammetry and Remote Sensing, Inc. (ISPRS) Published by Elsevier

B.V. All rights reserved.
1. Introduction

1.1. Problem statement

The problem of image mosaicking (or stitching) is central for
many applications:

� Orthophoto generation: The images rectified using a Digital Ele-
vation Model need to be stitched together in order to create a
large orthophoto.
� Texturing: When texturing a single geometric primitive with

multiple images, the images should be rectified along this prim-
itive then merged into an unique texture.
� Mosaicking: When creating a panorama, multiple images should

be put in the same geometry (rectilinear, cylindrical, spherical,
stereographic, etc.) before being blended.

It has thus received a lot of attention from the scientific com-
munity and this research has led to numerous operational tools
(Hugin, Autostich, Autopano, Panorama Tools, Microsoft ICE (Image
Composite Editor), Panorama maker, Photoshop Auto-Blend, etc.).
Even if the exact implementation of most of these tools is not
known, they rely on the following steps:
1. Rectify the images in the same geometry: This is usually done by
finding tie points, and choosing a common geometry (rectilin-
ear, cylindrical, spherical, stereographic, etc.) for all the images.

2. Color correction: modifying the color of each image in order to
have a matching global radiometry. Failing to correct the color
will generally lead to displeasing artifacts such as shown in
Fig. 1.

3. Blending: This last step usually relies on defining seam lines
avoiding discontinuities and blending the images in a multi-
band approach.

In this paper, we address the second step, that we formalize in
the next section.

1.2. Formalization of mosaic correction

Let us call Ii the n images composing the mosaic, deformed to a
common geometry (by the first step) such that each image is de-
fined by Ii : Di ! R where Di is the domain of definition (support,
mask) in the common geometry, and R is the dynamic range, com-
mon to all images ([0,255] for instance). We define the problem of
mosaic correction as finding transfer functions fi for each Ii that
realize a compromise between two goals:

1. Color transfer effectiveness: Having the images fiðIiÞ be as close as
possible over their overlaps Dij ¼ Di \ Dj. This closeness
between two images can be defined per pixel, or more generally
by statistical properties of the images over their overlaps. In the
latter, we prefer the second alternative that we consider more
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Fig. 1. Typical radiometric issue arising when texturing a building facade (bottom band is darker).
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robust to outliers. It is however quite straightforward to make
our proposed approaches work with a per pixel closeness
criterion.

2. Extendibility: The transferred images fiðIiÞ should be as close as
possible to the original images Ii, which means that we want
to preserve the content of the original images as much as
possible.

We now use this formalism to detail the properties of color cor-
rection methods.

1.3. Properties of color correction

Color correction problems are generally classified based on the
following distinctions:

1. Parametric vs non-parametric: In parametric approaches, the fi

are defined by a limited number of parameters, e.g. gain
ðfiðlÞ ¼ gilÞ and/or gamma ðfiðlÞ ¼ lci Þ for instance (l is the lumi-
nance). In the non-parametric case (also called modeless) the fi

can be any monotonous functions (to avoid inverting levels).
2. Global vs local: In local approaches, the correction can be differ-

ent in various parts of the image, while the transfer function is
the same over the whole image in the global case. Local
approaches often rely on applying global ones on various blocks
of the image, so we concentrate on the latter in this paper.

3. Empirical vs physically based approaches:
� In empirical approaches, the transfer functions fi are

searched in order to have a pleasing seamless visual mosa-
icking. In that case, color transfer effectiveness is often
defined based on statistical considerations (for instance
equalizing the mean and variance of the images). Most of
the popular mosaicking software cited above rely such
approaches.
� Physically based approaches aim at correcting some precise
physical effects such as BRDFs (for the correction of hot-
spots), atmospheric diffusion, etc. They are usually paramet-
ric (the parameters being those of the physical model used),
and are mainly found in the context of orthophoto genera-
tion from aerial imagery.

In this paper, we propose an additional distinction: Symmetric
vs Asymmetric. We call symmetric a correction method where all
images play the same role (i.e. there is no distinction between a
source and a target). The mosaic correction problem as we have
formalized it is symmetrical. However, most of the literature ad-
dress the more simple asymmetric problem with only two images,
a source Is and a target It , and only one transfer functions fs is
looked for. Solving the mosaic correction problem then requires
to iterate this process, with the result being highly dependant on
the successive choices of sources and targets.

2. Related work

2.1. Empirical approaches

2.1.1. Parametric and symmetric
In the context of mosaicking, the problem is posed symmetri-

cally, but because it is more difficult, the solutions are often limited
to being parametric (which is simpler). The very complete PhD
work of Brown (2000) covers all aspects of image mosaicking and
resulted in the development of a popular mosaicking Software
(Autostich). His color correction module, described in Brown and
Lowe (2007) is global and relies on finding a gain correction for
each image that minimizes the difference of image means over
all their overlaps. Xiong and Pulli (2010) does the same thing but
with a much more elaborate model combining linear and gamma
corrections instead of a simple gain.
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2.1.2. Non-parametric and asymmetric
Conversely, non-parametric approaches are never symmetric

(they need a source and target image). For instance, the global ap-
proach of Fecker et al. (2008) proposes enhancements to histogram
transfer and applies such transfer to compensate the luminance
and chrominance of multiview video. The method of Kim and
Pollefeys (2008) takes into account the vignetting to better esti-
mate the transfer function. Vignetting correction is local, but the
estimated transfer function is global.

2.1.3. Local, non-parametric and symmetric
The popular method ‘‘gradient domain processing’’ of Levin

et al. (2004) and Agarwala et al. (2004) can be considered as local,
nonparametric and symmetrical. It does the color correction and
the blending at once by stitching images in the gradient domain.
The final image then needs to be reconstructed from the gradient
by solving a Poisson equation. This usually requires to solve large
systems of equations, which is both time and memory consuming,
and becomes very limiting for large mosaics. To solve these prob-
lems, Kazhdan and Hoppe (2008) propose a streamed method for
solving Poisson equations, and propose an out of core implementa-
tion to reduce the memory footprint. This latter work is the foun-
dation of Microsoft’s Image Composite Editor (ICE).

2.2. Physically based

Physically based correction aims at correcting very specific
physical effects such as hotspots (local) and atmospheric veil (glo-
bal). They are usually parametric and allow for both local and glo-
bal corrections (as the effects they try to correct). Beisl et al. (2008)
exploit the physical laws ruling the physical measurement process,
which requires a complete description and understanding of the
cameras used. Chandelier and Martinoty (2009) propose radiative
transfer models to infer all the atmospheric parameters at once
in a global formulation. This was combined with photogrammetric
models by López et al. (2011) in order to take into account the
acquisition geometry.

2.3. Proposed approach

A performance study Xu and Mulligan (2010) has shown that
non-parametric approaches have better color transfer effectiveness
but lower extendibility. In our opinion, one reason for the lower
extendibility is that non-parametric approaches are asymmetric,
so when correcting a pair, one image suffers all the correction
while the other is preserved. All the difference observed on the
overlap is thus extended to a single image.

In this paper, we introduce Partial Iterates (Section 3) to sym-
metrize non-parametric mosaic correction. We then apply this the-
ory (Section 4) to a simple asymmetric non-parametric correction
(namely luminance histogram transfer) to demonstrate that this
symmetrization allows for better extendibility, for an equivalent
or even slightly better color transfer effectiveness.

3. Partial iterates

Partial iterates formalize what partially applying a function
means in the sense of composition. For a bijection f and a positive
integer n, we can define the nth iterate f ðnÞ of f by posing f ð1Þ ¼ f
and

f ðnþ1Þ ¼ f ðnÞ � f ¼ f � f ðnÞ ð1Þ

This can easily be extended to n ¼ 0 by application of (1):

f ð0þ1Þ ¼ f ð0Þ � f ) f ð0Þ ¼ Id
and to negative integers by composing (1) with the inverse f�1 of f:

f ðnþ1Þ � f�1 ¼ f ðnÞ � f � f�1 ¼ f ðnÞ ) f ðn�1Þ ¼ f ðnÞ � f�1

such that f ðnÞ is well defined 8n 2 Z.
To partially iterate a function, we would like to extend this no-

tion to fractional integer composition by defining f ðn=mÞ as the func-
tion that verifies:

ðf ðn=mÞÞðmÞ ¼ f ðnÞ ð2Þ

and more generally to define f ðcÞ 8c 2 R.

3.1. Schröder’s equation and Koenigs’ theorem

This problem has been studied at the end of the 19th century by
Ernst Schröder (1870) who found that an explicit formula for f ðcÞ

could be given provided that we have a solution to the functional
eigenproblem:

r � f ¼ kr ð3Þ

and that f has a fixed point a (point where f ðaÞ ¼ a) where
0 < jf 0ðaÞj < 1. In this case, Schröder stated that partial iterates of
f could be defined by:

f ðcÞðzÞ ¼ rð�1Þðf 0ðaÞcrðzÞÞ ð4Þ

The solution to (3) was later given by a theorem of Gabriel Koe-
nigs Koenigs (1884) stating that for holomorphic self maps f of the
unit disk U ¼ fz 2 C : jzj < 1g that satisfy 0 < jf 0ðaÞj < 1 at a fixed
point a where f ðaÞ ¼ a, the eigenvalues are f 0ðaÞn and correspond-
ing eigenfunctions rðnÞ with:

rðzÞ ¼ lim
n!1

f ðnÞ � f ðaÞ
f 0ðaÞn

ð5Þ

The conditions stated above are not conditions of existence of the
partial iterate but conditions under which the construction of (5)
will provide one. Actually it is proven in Delon (2004) in the special
case of the composition square root (f ð1=2Þ) that an infinite number
of such square roots exist. Also, we have found that changing f to its
inverse in (5) gives another valid cth iterate.

3.2. Examples

We will now exhibit this composition operator on simple func-
tion classes:

Addition : ðxþ pÞðcÞ ¼ xþ cp rðxÞ undefined ð6Þ
Multiplication : ðqxÞðcÞ ¼ qcx rðxÞ ¼ x ð7Þ

Linear : ðqxþ pÞðcÞ ¼ qcxþ qc � 1
q� 1

p rðxÞ ¼ xþ p
q� 1

ð8Þ

Power : ðxrÞðcÞ ¼ xrc rðxÞ ¼ lnðxÞ ð9Þ

Interestingly, Koenigs’ construction cannot be tackle simple addi-
tion as it has no fixed point, but the limit of linear functions when
q! 1 is well defined, which confirms that the conditions for Koe-
nigs’ construction are not conditions of existence. Quite logically,
these simple results show that adding c times p is equivalent to
adding cp, multiplying c times by q is equivalent to multiplying
by qc , and putting c times to the power r is equivalent to putting
to the power rc .

3.3. Practical implementation on piecewise linear functions

We now tackle the point of computing numerically f ðcÞ for a
sampled function f : ½0;1� ! ½0;1�. We will assume that f is known
by n values yi ¼ f ðxiÞ at some points xi, with x0 ¼ 0 < x1 . . . < xn ¼ 1
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and y0 ¼ 0 < y1 . . . < yn ¼ 1, and interpolated linearly between the
points Pi ¼ ðxi; yi ¼ f ðxiÞÞ.

The first step is to compute the fixed points ak of f, which are the
points where f ðakÞ ¼ ak. There are three types of such fixed points:

1. Pi lies on the y ¼ x axis ðxi ¼ yiÞ. P0 and Pn are of this type by
construction, but others might occur in between.

2. Intersections of ½Pi; Piþ1� edges with the y ¼ x axis, which occur
when Pi and Piþ1 lie on opposite sides of the y ¼ x, that is when
ðxi � yiÞðxiþ1 � yiþ1Þ < 0.

3. All the points of ½Pi; Piþ1� when Pi and Piþ1 lie on the y ¼ x axis.

In the last case, f ¼ Id on ½xi; xiþ1� so f ðcÞ ¼ Id too. The other cases
can be listed as fixed points a0 ¼ 0 < a1 . . . < am ¼ 1. f ðcÞ can then
be defined independently in each interval ½am; amþ1� on which f is
bijective and has no other fixed point by construction. We can then
prove that Koenigs’ condition of existence of a fixed point a where
jf 0ðaÞj < 1 is satisfied on each such interval.

Proof. By construction, f ðxÞ–x on ðam; amþ1Þ. Because f is contin-
uous, either f ðxÞ > x or f ðxÞ < x on ðam; amþ1Þ. In the case f ðxÞ < x,
let jðmÞ ¼ argminðxjjxj > amÞ. f is linear on ½am; xjðmÞ�, so
f 0ðamÞ ¼ ðyjðmÞ � amÞ=ðxjðmÞ � amÞ < 1 because
yjðmÞ ¼ f ðxjðmÞÞ < xjðmÞ. Moreover, f is bijective so f 0ðamÞ > 0, so the
fixed point am has jf 0ðamÞj < 1. In the case f ðxÞ > x, a symmetric
proof leads to jf 0ðamþ1Þj < 1, so in both cases, one of the extremities
of the interval satisfies Koenigs’ condition.

The second step is to implement the r function on each
ðam; amþ1Þ interval. The bounds of the interval are excluded because
r is undefined at repellors (fixed points a where f 0ðaÞ > 1) where
we simply use f ðcÞðaÞ ¼ a. The definition through a limit is in fact
very simple to implement because for a linear function l:

lðnþ1Þ � lðaÞ ¼ l0ðaÞðlðnÞ � lðaÞÞ

which implies that the term in (5) is constant when f is linear. Thus,
for a piecewise linear function, we only need to compute the iterate
f ðnÞðzÞ until it reaches an interval ½xi; xiþ1� containing a fixed point ak.
As f is piecewise linear and has no fixed points in ðam; amþ1Þ, this will
always happen in a finite number of iterations.

Finally, the inverse of r is easily implemented by dichotomy
using the implementation of r. Once r and rð�1Þ are implemented,
f ðcÞðzÞ can be estimated for any z and c value. Results of applying
this construction to a function are shown on Fig. 2.

Interestingly, computing f ðcÞðzÞ using Koenigs’ equation will
lead to a different solution if we use the inverse f ð�1Þ instead of f
and change c to -c. This confirms, as we have already stated, that
Fig. 2. Partial iterates f ðcÞ of a function f (in red) for c ¼ �2;�1;�1=2;0;1=2;2 (from
dark to light gray). (For interpretation of the references to color in this figure legend,
the reader is referred to the web version of this article.)
the cth iterate is not unique. Fig. 3 shows these two square roots,
but also their squares, which allows to verify experimentally the
validity of our implementation. We see that the squares of the
square roots of f are not exactly equal to f. The approximation is
however extremely good in the case of the most regular square
root. This is due to the fact that our implementation is applied to
8 bits images, so the functions f are sampled on 256 values. Thus
as soon as a derivative becomes large, we have quantization arte-
facts resulting in staircasing effects.

Thus in practice, the existence of two square roots can be
exploited to choose the most regular (the one with maximal deriv-
ative closest to one) of the two solutions. However, even using this
trick, the partial iterates often present stair-casing effects that will
lead to undesirable flattening artifacts.

In the case of the functional square root, Delon (2004) propose a
construction of the ’’best’’ square root in terms of regularity. We
have not yet found an equivalent in the general case, but instead
we propose an approximation that ensures a good regularity.

3.4. Approximation

We now look for an approximation of f ðcÞ in the case of a piece-
wise linear functions f defined by its graph ðxi; yiÞ, guided by two
ideas:

1. The inverse function f ð�1Þ is the piecewise linear function
defined by ðyi; xiÞ, so we will also look for f ðcÞ as a piecewise lin-
ear function defined by points ðxi; yiÞ

ðcÞ that follow continuous
trajectories from ðxi; yiÞ to ðyi; xiÞ. Also as f ð0Þ ¼ Id those trajecto-
ries should cross the y ¼ x axis when c ¼ 0.

2. The roles of attractor and repellors should be symmetric to
define an unique approximation.

We combined these ideas by defining ðxi; yiÞ as the intersection
of two lines issuing from the two fixed points around ðxi; yiÞ. These
lines correspond to linear functions for which we can explicitly
compute the cth iterate using (8) which will define the trajectories
of the points ðxi; yiÞ

ðcÞ that we are looking for. The line passing
through ðxi; yiÞ and a fixed point ak has equation:

y ¼ ðyi � akÞðx� akÞ
xi � ak

þ ak ¼
ðyi � akÞxþ akðxi � yiÞ

xi � ak

which cth iterate is by (8):

yðcÞ ¼ ðyi � akÞcðx� akÞ þ ðxi � akÞc

ðxi � akÞc

so for ak < xi < akþ1, the transform writes:
Fig. 3. The two functional square roots f ð1=2Þ (blue and green) of a function f (red)
and their functional squares (light blue and green). The squares are not exactly
equal to f because of quantization. The less regular the square root, the worse is this
error. (For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)



Fig. 5. Approximate partial iterates f ðcÞ of a function f (in red) for
c ¼ �2;�1;�1=2;0;1=2;2 (from dark to light gray), and square of the square root
(blue). Distance between red and blue curves show the quality of the approximation
(they would fit if the approximation was exact). (For interpretation of the
references to color in this figure legend, the reader is referred to the web version
of this article.)
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vðcÞik ¼
ðv0ikÞ

c ^ ak

ðv0ikÞ
c ^ vc

ik

vc
ik ð10Þ

with:

vij¼
xi�ak

yi�ak

� �
v0ij¼

akþ1�xi

akþ1�yi

� �
ak¼ðakþ1�akÞ

1
1

� �
¼vijþv0ij

Trajectories defined by this equation for some points (fixed xi; yi,
varying c) are shown in Fig. 4 for two fixed points a0 ¼ 0; a1 ¼ 1.
This transform is only an approximation, and we do not have a
proof it is a good approximation, but it proved to be a good approx-
imation in the practical cases we encountered. For instance, Fig. 5
shows that the functional square ðf ð2Þ ¼ f � f Þ of the functional
square root ðf ð1=2ÞÞmatches quite closely with f. Moreover, it is exact
in the cases c ¼ 1; c ¼ �1 (inverse):

xi

yi

� �ð1Þ
¼

xi

yi

� �
xi

yi

� �ð�1Þ

¼
yi

xi

� �
ð11Þ

and for the c! �0 limits (identity):

xi

yi

� �ð�0Þ

¼ lnð1� xiÞ � lnð1� yiÞ
lnðð1� xiÞyiÞ � lnðð1� yiÞxiÞ

1
1

� �
ð12Þ

Finally, Fig. 5 also shows that the approximate partial iterates are
smoother that the exact ones. As the approximation is even faster
and simpler to implement than the exact partial iterate, it is the
one we use in practice.

3.5. Application to an arbitrary transfer function

We now want to show that the above constructions are applica-
ble to any transfer function is given by the images yi of inputs i in
the dynamic range 0;1 . . . ; L (L = 255for 8-bit sampling), as long as
they satisfy the monotonicity constraint yiþ1 P yi. As explained by
Xu and Mulligan (2010), all of the state of the art non-parametric
correction approaches rely on defining such functions, with the
various approaches differing in how they ensure robustness and
monotonicity, and in the chosen color spaces.

To turn such a discrete transfer functions into a bijective piece-
wise linear function, we need to take a closer look to the sampling
of radiometric intensity. Basically, such sampling is defined by a
sequence of radiometric levels li, such that all levels in ½li; liþ1Þ are
sampled to the value i. This is why we propose to map a value i
in the discrete dynamic range 0;1 . . . ; L to the value
x ¼ ðiþ 0:5Þ=ðLþ 1Þ in the continuous interval ½0;1�, making each
discrete level correspond to the middle of an integer interval, the
converse operation i ¼ roundððLþ 1Þx� 0:5Þ being used to switch
back from continuous to discrete domain. We can then define the
0 0.2 0.4 0.6 0.8 1
0
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Fig. 4. Trajectory of some points with varying c given by Eq. (10).
continuous counterpart for yi as the piecewise linear function
ycont defined by:

ycontð0Þ ¼ 0 ycontððiþ 0:5Þ=ðLþ 1ÞÞ ¼ ðyi þ 0:5Þ=ðLþ 1Þj8i

2 0; . . . ; L ycontð1Þ ¼ 1

All non-parametric approaches ensure yi is monotonous (yiþ1 P yi),
which does not guarantee the required bijectivity in case yiþ1 ¼ yi.
To ensure bijectivity, we add a small � times identity and
renormalize:

yepsilonðxÞ ¼
ycontðxÞ þ �x

1þ � � > 0 ð13Þ

yepsilon satisfies all conditions for Koenigs’ construction:

� Bijective: yepsilonð0Þ ¼ 0; yepsilonð1Þ ¼ 1 and yi monotonous
) y0cont P 0) y0epsilon P �=ð1þ �Þ
� Fixed points: yepsilon has fixed points at least at 0 and 1. ycont is C0

continuous so its fixed points alternate between crossing
f ðxÞ ¼ x from above (in which case y0epsilon < 1) or from below
(y0epsilon > 1). Moreover, bijectivity ensures
y0epsilon P �=ð1þ �Þ > 0 so at least one fixed points a has
jy0epsilonðaÞj < 1.

Consequently, we can compute yðcÞepsilon based on the two meth-
ods proposed above. The result can then be discretized by:

yc
i ¼ ðLþ 1ÞyðcÞepsilonððiþ 0:5Þ=ðLþ 1ÞÞ � 0:5

The small constant � ensures bijectivity, but induces an error be-
tween yi and ðLþ 1Þyepsilonððiþ 0:5Þ=ðLþ 1ÞÞ � 0:5:

jðLþ 1Þyepsilonððiþ 0:5Þ=ðLþ 1ÞÞ � 0:5� yij

¼ yi þ 0:5þ �ðiþ 0:5Þ
1þ � � 0:5� yi

����
���� ¼ �

ðiþ 0:5� 0:5� yiÞ
1þ �

����
����

< ði� yiÞ� 6 L�

Choosing � ¼ 1=2L ensures an error lower than 1/2 of the step be-
tween to radiometric levels, so no error at all after the rounding
operation.

This construction allows us to compute partial iterates of any
1D monotonous discrete function. However, if a correction func-
tion can be directly expressed in a piecewise linear manner, this
construction is not even required (except for the � correction in
case the function is not bijective). It is naturally the case for histo-
gram equalization and transfer.



Fig. 6. Top: Partial histogram equalizations of Lena for c ¼ 0;1=4;1=2;3=4;1, Bottom: Corresponding Cdfs (from light to dark gray).
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4. Application to partial histogram equalization and transfer

4.1. Histogram equalization and transfer in the continuous setting

We will now apply the concept of partial iterates to define
partial histogram equalization and transfers. We start by briefly
recalling their principles.

Let X be a random variable (pixel value of an image) with cdf
(cumulated distribution function) FXðxÞ ¼ pðX < xÞ. We have:

FgðXÞðxÞ ¼ pðgðXÞ < xÞ ¼ pðX < E�1ðxÞÞ ¼ FXðg�1ðxÞÞ ð14Þ

such that FgðXÞ ¼ FX � g�1. An equalized image is an image which his-
togram is flat, or in other terms, which pixel value cdf is the iden-
tity. Consequently, equalizing an image is achieved by:

FEðXÞ ¼ FX � g�1 ¼ Id E ¼ FX

In the same way, we can transfer the (cumulated) histogram of an
image X1 to the (cumulated) histogram of X2 by:

FT1!2ðX1Þ ¼ FX1 � T�1
1!2 ¼ FX2 T1!2 ¼ F�1

X2
� FX1
Fig. 7. Partial histogram transfers of Lena to Megan for c ¼ 0;1=4;1=2;3=4;1 (top row) a
such that images in the same column have the same histograms as proven by (15).
Partial iterates apply simply to this by defining partial equalizations
and transfers:

EðcÞ ¼ FðcÞX TðcÞ1!2 ¼ ðF
�1
X2
� FX1 Þ

ðcÞ
4.2. Histogram equalization and transfer in the continuous setting

Switching to the discrete setting is much simple in this case by
defining the cumulative histogram of a (normalized) ‘‘bar’’ histo-
gram as the piecewise linear interpolation of:

FIði=ðLþ 1ÞÞ ¼
Xi

j¼0

jIjj
jIj

where jIj is the number of pixels in image I and jIjj is the number of
pixels with value j, such that jIjj=jIj is the probability of a pixels to
have value j. This function trivially has 0 and 1 as fixed points,
and can be made bijective (if not already) by applying (13).

Results of partially equalizing and transferring image histo-
grams based on this approach are displayed on Figs. 6 and 7. We
can finally verify that partial transfers allow to define intermediate
nd of Megan to Lena for c ¼ 1;3=4;1=2;1=4;0 (bottom row). The c values are chosen



Fig. 8. Cdfs of the columns of images of Fig. 7 from left (dark gray) to right (light
gray).

Table 1
PSNR and SS values for partially transferred intraband images.

Table 2
PSNR and SS values for partially transferred interband images.
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(cumulated) histograms between X1 and X2 by verifying that
T ðcÞ1!2ðX1Þ and T ð1�cÞ

2!1 ðX2Þ have the same cdf:

FTð1�cÞ
2!1 ðX2Þ

¼ FX2 � Tðc�1Þ
2!1 ¼ FX2 � ðF

�1
X1
� FX2 Þ

ðc�1Þ

¼ FX2 � ðF
�1
X1
� FX2 Þ

ð�1Þ � ðF�1
X1
� FX2 Þ

ðcÞ

¼ FX2 � F�1
X2
� FX1 � ðF

�1
X2
� FX1 Þ

ð�cÞ ¼ FX1 � Tð�cÞ
1!2

¼ FTðcÞ
1!2
ðX1Þ

ð15Þ

This proves that when transferring the histogram of image 1 c times
to 2, and the histogram of image 2 (1 � c) times to 1, the two results
have exactly the same histograms (cf. Figs. 7 and 8). This means that
partial iterates allow to define a continuous radiometric transfer
from one image to another, or in other terms that we have defined
a weighted average for histograms.
5. Results and discussion

We insist that we are not proposing a new color correction
method, but a general framework to symmetrize non-parametric
correction. Thus what we demonstrate here is the gain of symme-
trizing a simple color correction method, namely histogram trans-
fer. We can only conjecture that equivalent gain may be achieved
by symmetrizing finer non-parametric corrections.
Fig. 9. Visualisation of the intraband (left) and interba
5.1. Evaluation protocol

We have developed this approach in the context of 3D model
texturing from street view images, so we test it in this context.
Street view images are rectified in facade planes. All the images
acquired with the same camera are blended first (intraband), then
the obtained bands are blended together (interband) as shown on
Fig. 9. We evaluate symmetrization of both intraband and inter-
band correction based on the metrics proposed by Xu and Mulligan
(2010):
nd (right) configurations used for the evaluation.



Fig. 10. 3D model with uncorrected (top) and corrected with c1 ¼ c2 ¼ 0:5 (bottom) textures.
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� For color transfer effectiveness, the PSNR ¼ 20log10ðL=RMSÞ
where the RMS is the root mean square difference between
two images.
� For extendibility, the structure similarity:
SS ¼ 2l1l2 þ A
l2

1 þ l2
2 þ A

� 2r1r2 þ B
r2

a þ r2
b þ B

� r2
ab þ C

rarb þ C
where l and r and rab are the means, variance and autocovariance
of the two images on their overlap. A;B and C are small constants
to avoid divide-by-zero error set to A ¼ ð0:01LÞ2; B ¼ ð0:03LÞ2;
C ¼ B=2.

5.2. Results

Whereas in Xu and Mulligan (2010), color transfer effectiveness
is only evaluated on the transferred image, we evaluate it on both
images are both are now corrected (thanks to symmetrization). We
have applied the partial transfer Tðc1Þ

1!2 to image 1 and T ðc2Þ
2!1 to image

2, and evaluated the correction for each resulting pairs for which
c1 þ c2 6 1. The results for interband and intraband correction
are shown on Tables 2 and 1.

5.3. Discussion

The top left corners of the two tables give the Structure Similar-
ity (SS) on the overlap for uncorrected images. Color correction
aims at maximizing it, without impairing the PSNR too much. In
the case of intraband correction (Table 1), the SS is already very
high and correction only performs poorly at maximizing it. This
is due to the fact that the images are acquired by the same camera,
in almost identical conditions, and at very close times. In other
terms, color correction is useless in this case.

The case of interband correction (Table 2) is much more inter-
esting. One of the camera is facing the sun, so its radiometric
response is altered, resulting in a brighter image, such that the
structure similarity of the uncorrected pair is very low (0.67).
Direct histogram transfer in the two ways ðc1 ¼ 1; c2 ¼ 0 and
c1 ¼ 0; c2 ¼ 1Þ show a very large improvement in SS (around
0.96), but the PSNR for the transferred image drops dramatically
(around 16).

The other terms of the antidiagonal ðc1 þ c2 ¼ 1Þ show that we
can achieve the same SS (even slightly better), with a much better
PSNR (22 to 23) as we authorize both images to be (partially) trans-
ferred. This illustrates perfectly the central idea of this paper: bal-
ancing correction between the two images is more symmetric, thus
more efficient than having a single image supporting the whole
correction. A city model textured with uncorrected and corrected
ðc1 ¼ c2 ¼ 0:5Þ is shown in Fig. 10.

Finally, the other SS scores of Table 2 show that partial iterates
allow for different compromises between the SS and PSNR if the
transfer is not fully performed ðc1 þ c2 < 1Þ, which can be exploited
for a fine, application-dependent tuning.

6. Conclusions and future works

We have presented a framework to symmetrize non-parametric
mosaic correction relying on partial iterates and demonstrated it
applied to histogram transfer.

We believe that partial iterates provide a new tool that can be
used in many different contexts, and have shown that it allows
to define partial application of a rather wide class of functions:
The construction of Section 3.5 allows to apply partially any
monotonous 1D transfer function. The mathematics of partial iter-
ates are novel in the field, and both formally well justified and
practical. The approximation that we propose is very simple to
implement, fast to compute and provides very satisfactory results.

The results demonstrate that for a given transfer function, sym-
metrization allows to reach better performance for the standard
metrics. This makes us believe that it can be a very beneficial
post-processing step for any existing non-parametric correction
method.

The proposed method however only symmetrizes correction of
a pair, and its application to mosaic correction requires to iterate
the process. Posing the problem globally as done for gain compen-
sation, but with non-parametric methods is a challenging and
ambitious goal that we have not yet achieved. Generalizing partial
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iterates to higher dimensions (if the transfer cannot be reduced to
a 1D transfer in each dimension of a color space) is also an exciting
task. Finally, much work need to be done to find the ‘‘optimal’’ par-
tial iterate, as it is done by Delon (2004) in the special case of the
functional square root, in order to obtain a partial iterate both
accurate (as in the exact construction) and smooth (as in the
approximation).
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